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Are Kaluza-Klein modes enhanced by parametric resonance?

Shinji Tsujikawa*
Department of Physics, Waseda University, 3-4-1 Ohkubo, Shinjuku, Tokyo 169-8555, Japan

~Received 20 December 1999; published 2 May 2000!

We study parametric amplification of Kaluza-Klein~KK ! modes in a higherD-dimensional generalized
Kaluza-Klein theory, which was originally considered by Mukohyama in the narrow resonance case. It was
suggested that KK modes can be enhanced by an oscillation of a scale of compactification by thed-dimensional
sphereSd (d5D24) and by the direct productSd13Sd2 (d11d25D24). We extend this past work to the
more general case where initial values of the scale of compactification and the quantum number of the angular
momentuml of KK modes are not small. We perform analytic approaches based on the Mathieu equation as
well as numerical calculations, and find that the expansion of the universe rapidly makes the KK field deviate
from instability bands. As a result, KK modes are not enhanced sufficiently in an expanding universe in these
two classes of models.

PACS number~s!: 04.50.1h, 98.80.Cq
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I. INTRODUCTION

Recently, much interest has been focused on high
dimensional theories. The original idea goes back to Kal
and Klein @1#, who considered that the unification of th
interactions in nature may be realized in gravitational the
in five dimensions. At present, there are many high
dimensional theories which are generalizations of
Kaluza-Klein theory, for example,D510 superstring theory
@2#, andD511 M theory@3#. Very recently, the universe o
brane models@4–6# has received much attention as a soluti
to the hierarchy problem between the weak and Pla
scales. In order to hide extra dimensions, we generally
sume that they are within a very small compact inter
space. Since the typical scale of the internal space is
Planck lengthl Pl;10233 cm, which is much smaller than
the size of the external space, we can reduce hig
dimensional theories to the familiar four-dimensional gra
tational theories.

There are various ways for Kaluza-Klein reductions
four dimensions. As pointed out in Ref.@7#, it is possible to
judge whether such reductions are appropriate from a cos
logical point of view. For example, in the model where t
geometry is described by a direct product of fou
dimensional Minkowski spacetimeM4 and the 1-sphereS1

considered by Kolb and Slansky@8#, particles of Kaluza-
Klein ~KK ! modes which are calledpyrgonsare produced.
Since the energy density of this massive particle decrease
rKK;a23, this density will dominate over the energy de
sity of the universe in the radiation dominant era if pyrgo
are overproduced in the early stage of the universe and
not decay by entropy production. Mukohyama@7# extended
this model, and considered the compactifications both b
d-dimensional sphereSd with d5D24 and by a direct prod-
uct Sd13Sd2 with d11d25D24. In these classes of model
since the reduced effective potential in the four-dimensio
theory lacks a global minimum, we need to introduce
Casimir effect as a one-loop quantum correction to giv
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stable ground state. Then a scalar fields which corresponds
to the scale of the compactification oscillates around
minimum of its potential, and is finally trapped at the grou
states50 @9#. Since KK modes acquire masses which a
expressed by the oscillatings field, we can expect the am
plification of KK modes by parametric resonance. This p
ture is similar to the scenario of preheating after inflati
where scalar fields coupled to an inflaton field are resona
enhanced in the oscillating stage of inflaton@10,11#. In the
case of a chaotic inflation model with a quadratic potent
particles are most efficiently produced in the broad resona
regimes where the amplitude of inflatonf is initially large
and the coupling betweenf and a coupled scalar fieldx is
strong @11#. Since the expansion of the universe gradua
reduces the amplitude of inflaton, this makes thex field
jump over many instability and stability bands. Thex field
can grow quasiexponentially, overcoming the diluting effe
by the cosmic expansion. Finally the field reaches so-ca
narrow resonance regimes, after which particle creation
minates. In the case that thex field is initially located in
narrow resonance regimes, it is known that particle crea
is inefficient because the field soon deviates from instabi
bands by the cosmic expansion. As for the excitation of K
modes in the models of compactifications bySd and
Sd13Sd2, since thes field behaves as a massive scalar fie
around the minimum of its potential, we can apply analy
approaches based on the Mathieu equation@12# which have
been much investigated in the context of preheating at
linear stage of the system@11,14#. However, since the inves
tigation in Ref.@7# about the enhancement of KK modes
limited in narrow resonance regimes in which parame
resonance is weak, we will extend this work in the mo
general range of parameters. It is of interest whether or
catastrophic particle production will occur in the case wh
the value ofs is initially large and the quantum number o
the angular momentuml of KK modes is not small. If KK
modes are strongly enhanced by parametric resonance,
would result in some important cosmological implication
They will become good candidates for dark matter in t
case that these excited particles are suitably diluted by
tropy productions.
©2000 The American Physical Society02-1
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This paper is organized as follows. In the next section,
perform compactifications by ad-dimensional sphereSd and
by a direct productSd13Sd2. The Casimir energy is intro
duced to stabilize the scale of the internal space. In Sec
we study the background evolution of the scale factor a
the s field, and examine the structure of resonance for K
modes. We will investigate whether the enhancement of
modes efficiently occurs or not both by analytic approac
and numerical integrations. We present our conclusion
discussion in the final section.

II. THE MODEL

We consider a model inD5d14 dimensions with a cos
mological constantL̄ and a single scalar fieldf̄,

S5E dDxA2ḡF 1

2k̄2
R̄22L̄2

1

2
ḡMN]Mf̄]Nf̄G , ~2.1!

whereḡMN andk̄2/8p[Ḡ are theD-dimensional metric and
gravitational constant, respectively.R̄ is a scalar curvature
e
f
l

a

12400
e

II,
d

K
s
d

with respect toḡMN . The third term of the action~2.1! de-
notes a Klein-Gordon action inD dimensions.

We first compactify extra dimensions to ad-dimensional
sphereSd. Then the metricḡMN can be expressed as

dsD
2 5ḡMNdxMdxN5ĝmndxmdxn1b2dsd

2 , ~2.2!

where ĝmn is a four-dimensional metric,b is a scale of the
d-dimensional sphere whose present value isb0, anddsd

2 is a
line element of thed-unit sphere. We expand the scalar fie
f̄ on the sphere as

f̄5b0
2d/2(

l ,m
f lmYlm

(d) , ~2.3!

whereYlm
(d) is the spherical harmonics on thed-sphere with

positive integerl and a set ofd21 numbersm. Then we
obtain the reduced action in four dimensions,
S5E d4xA2ĝS b

b0
D dF 1

2k2 H R̂1d~d21!
]mb]nb

b2
ĝmn1

d~d21!

b2 J 22Vd
0L̄2(

l ,m
H 1

2
ĝmn]mf lm]nf lm1

l ~ l 1d21!

2b2
f lm

2 J G ,

~2.4!
ir
unt
where k2/8p5k̄2/(8pVd
0) is Newton’s gravitational con-

stant withVd
0 the present volume of the internal space.R̂ is a

scalar curvature related withĝmn . Since this does not tak
the ordinary form of the Einstein-Hilbert action because o
time dependent factor (b/b0)d, we perform a conforma
transformation as follows:

ĝmn5expS 2d
s

s0
Dgmn , ~2.5!

wheres is the so-called dilaton field which is defined by

s5s0 lnS b

b0
D , ~2.6!

s05Fd~d12!

2k2 G 1/2

. ~2.7!

Then the four-dimensional action in the Einstein frame c
be described as
a

n

S5E d4xA2gF 1

2k2
R2

1

2
gmn]ms]ns2U1~s!

2
1

2 (
l ,m

„gmn]mf lm]nf lm1Ml
2~s!f lm

2
…G , ~2.8!

whereR is a scalar curvature with respect togmn . U1(s) is
a potential of thes field which we will give a specific form
below, and the massMl(s) of the f lm field is expressed as

Ml
2~s!5

l ~ l 1d21!

b0
2

e2(d12)s/s0. ~2.9!

As was mentioned in Ref.@7#, the potentialU1(s) does
not have a local minimum if we do not introduce the Casim
effect as a one-loop quantum correction. Taking into acco
this effect,U1(s) can be written in the form

U1~s!5aF 2

d12
e22(d12)s/s01e2ds/s0

2
d14

d12
e2(d12)s/s0G , ~2.10!
2-2
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with

a5
~d21!s0

2

~d14!b0
2

. ~2.11!

The first, second, and third terms in Eq.~2.10! appear due to
the Casimir energy, the cosmological constant, and the
vature of the internal space, respectively. The poten
U1(s) acquires a local minimum ats50 for the case ofd
>2 because of the presence of the first term in Eq.~2.10!
@13#. We depictU1(s) in Fig. 1 for the case ofd52. It has
a local maximum ats* (.0), which depends on the extr
dimensiond. s* /s0 decreases with the increase ofd. For
example,s* /s050.50 for d52, and s* /s050.22 for d
56. Sinces0 becomes larger with the increase ofd @see Eq.
~2.7!#, s* itself does not necessarily decrease with the
crease ofd. For example,s* 50.20mPl for d52, ands*
50.21mPl for d56. In order to result in the final states
50 which corresponds to the present valueb5b0, initial
values ofs are required to be 0,s i,s* ~we assumes i
.0), where the subscripti denotes the initial value. Thens
evolves toward the minimum of its potential, and begins
oscillate arounds50. In this oscillating stage, we are con
cerned with whether or not KK modes are effectively e
hanced by parametric resonance.

In the case that the compactification is performed o
direct productSd13Sd2 of thed1-dimensional sphereSd1 and
d2-dimensional sphereSd2 with d11d25D24, the final
four-dimensional action and the potentialU1(s) take differ-

FIG. 1. The potentialU1(s) which is obtained by introducing
the Casimir effect in theSd compactification withd52. The poten-
tial has a minimum ats50 and a local maximum ats* /s0

50.50. If we choose larger values ofd, s* /s0 becomes smaller
The shape of this potential in the case of theSd13Sd2 compactifi-
cation is the same as in the case of theSd compactification.
12400
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ent forms from theSd case. The procedure is the same as
the Sd case. First, we consider theD-dimensional metric

dsD
2 5ḡMNdxMdxN5ĝmndxmdxn1b1

2dsd1

2 1b2
2dsd2

2 ,

~2.12!

whereb1 andb2 are scales of the sphereSd1 andSd2, dsd1

2

anddsd2

2 are line elements of thed1-unit sphere andd2-unit

sphere, respectively.
Expanding thef̄ field in the D-dimensional action~2.1!

as

f̄5b10
2d1/2b20

2d2/2 (
l 1 ,l 2 ,m1 ,m2

f l 1l 2m1m2
Yl 1m1

(d1) Yl 2m2

(d2) ,

~2.13!

whereb10 and b20 are present values ofb1 and b2 , Yl 1m1

(d1)

andYl 2m2

(d2) are the spherical harmonics on thed1 sphere and

d2 sphere, respectively, we obtain the four-dimensional
tion similar to the action~2.4! in theSd case~see Ref.@7# for
details!. Next, we perform a conformal transformation

ĝmn5expF2S d1s1

s10
1

d2s2

s20
D Ggmn , ~2.14!

wheres i ( i 51,2) ands i0 are defined by

s i5s i0 lnS bi

bi0
D , ~2.15!

s i05Fdi~di12!

2k2 G 1/2

. ~2.16!

Taking into account the Casimir effect as in theSd case and
imposing the condition

s1

s10
5

s2

s20
[

s

s0
, ~2.17!

with

s05A~d11d2!~d11d212!

2k2
, ~2.18!

the final expression of the four-dimensional action yields
S5E d4xA2gF 1

2k2
R2

1

2
gmn]ms]ns2U1~s!2

1

2 (
l 1 ,l 2 ,m1 ,m2

~gmn]mf l 1l 2m1m2
]nf l 1l 2m1m2

1Ml 1l 2
2 ~s!f l 1l 2m1m2

2 !G ,

~2.19!

where the potential of thes field is
2-3
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U1~s!5aF 2

d11d212
e22(d11d212)s/s01e2(d11d2)s/s02

d11d214

d11d212
e2(d11d212)s/s0G , ~2.20!

with

a5
d11d212

2~d11d214!k2 Fd1~d121!

b10
2

1
d2~d221!

b20
2 G . ~2.21!

The mass ofMl 1l 2
(s) of the f l 1l 2m1m2

field is given by

Ml 1l 2
2 ~s!5F l 1~ l 11d121!

b10
2

1
l 2~ l 21d221!

b20
2 Ge2(d11d212)s/s0. ~2.22!
n
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The terms in the square bracket of Eq.~2.20! correspond to
changingd in that of Eq.~2.10! to d11d2. Hence the shape
of the potentialU1(s) in theSd13Sd2 case is the same as i
the Sd case.U1(s) has a local minimum ats50 when ei-
ther of d1 and d2 is greater than 1. In the next section, t
dynamics ofs and f lm fields are studied in two classes
models of Eqs.~2.8! and ~2.19!.

III. THE DYNAMICS OF THE SYSTEM

In this section, we investigate the excitation of KK mod
due to the oscillating scalar fields by parametric resonance
We assume that the four-dimensional spacetime and ths
field are spatially homogeneous, and adopt the
Friedmann-Robertson-Walker metric as the backgro
spacetime

ds4
25gmndxmdxn52dt21a2~ t !dx2, ~3.1!

wheret is the cosmic time anda(t) is the scale factor. The
background equations fora and s can be expressed by th
action ~2.8! or ~2.19! as

S ȧ

a
D 2

5
k2

3 F1

2
ṡ21U1~s!G , ~3.2!
to

12400
t
d

s̈13
ȧ

a
ṡ1U18~s!50, ~3.3!

where we have neglected the contributions from KK mod
However, in the case that KK modes are enhanced sig
cantly, this affects the evolution of background equatio
We briefly comment on this back reaction issue at the end
this section.

As we have already mentioned, the initial value ofs is
required to be smaller thans* in order not to lead to an
expansion of the internal space. Let us consider the c
wheres is initially located close tos* with s i,s* . In this
case, defining a dimensionless parameter

e5H ~d12!
s

s0
~Sd case!,

~d11d212!
s

s0
~Sd13Sd2 case!,

~3.4!

it usually exceeds of the order of unity at the beginning w
d>2 or d11d2>2. For example, in theSd case, e(t i)
52.0 whend52, and e(t i)51.8 whend56. This is the
situation which was not considered in Ref.@7#. After a short
stage of rolling down, thes field begins to oscillate around
the minimum of its potential ats50. After that, thes field
behaves as a massive scalar field whose mass is given
ms[AU19~0!55
A2~d21!

b0
~Sd case!,

A 2

d11d2
Fd1~d121!

b10
2

1
d2~d221!

b20
2 G ~Sd13Sd2 case!.

~3.5!
The evolution of this field is the same as a massive infla
field f with a chaotic potentialV(f)5mf

2 f2/2 in the reheat-
ing phase. Making use of the time-averaged relation

1

2
^ṡ2&5^U1~s!&, ~3.6!
nwe easily find from Eqs.~3.2! and~3.3! that the evolution of
a ands can be approximately written as

a5S t

tco
D 2/3

, ~3.7!
2-4
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s~ t !/s05s̃~ t !cosmst, ~3.8!

wheretco denotes the time when the coherent oscillation os

starts, ands̃(t) is the dimensionless amplitude of thes field
which decreases ass̃(t);1/t by the cosmic expansion
Equation ~3.7! shows that the universe evolves as mat
re

12400
r

dominant when thes field oscillates coherently. Hence th
energy density ofs decreases asrs;1/t3.

Let us study the excitation of KK modes during the osc
lating stage of thes field. For each compactification of th
Sd and Sd13Sd2 cases, we expandf lm (Sd case! and
f l 1l 2m1m2

(Sd13Sd2 case! fields by the Fourier component a
f lm5
1

~2p!3/2E „akf lm
k ~ t !e2 ik•x1ak

†f lm
k* ~ t !eik•x

…d3k, ~3.9!

f l 1l 2m1m2
5

1

~2p!3/2E „akf l 1l 2m1m2

k ~ t !e2 ik•x1ak
†f l 1l 2m1m2

k* ~ t !eik•x
…d3k, ~3.10!

whereak andak
† are the annihilation and creation operators, respectively. Then we find that the temporary partsf lm

k (t) and
f l 1l 2m1m2

k (t) obey the following equations of motion:

f̈ lm
k 13

ȧ

a
ḟ lm

k 1F k2

a2
1

l ~ l 1d21!

b0
2

e2(d12)s/s0Gf lm
k 50 ~Sd case!, ~3.11!

f̈ l 1l 2m1m2

k 13
ȧ

a
ḟ l 1l 2m1m2

k 1F k2

a2
1H l 1~ l 11d121!

b10
2

1
l 2~ l 21d221!

b20
2 J e2(d11d212)s/s0Gf l 1l 2m1m2

k

50 ~Sd13Sd2 case!. ~3.12!
s.
f
rel-

;
this
Hereafter, we express both fieldsf lm
k and f l 1l 2m1m2

k as fk

except the case that distinctions of both fields are requi
Defining a new scalar fieldwk5a3/2fk , Eqs. ~3.11! and
~3.12! are written as

ẅk1vk
2wk50, ~3.13!

where for theSd case,

vk
2[

k2

a2
1

l ~ l 1d21!

b0
2

e2(d12)s/s02
3

4 S 2ä

a
1

ȧ2

a2D ,

~3.14!

and for theSd13Sd2 case,

vk
2[

k2

a2
1H l 1~ l 11d121!

b10
2

1
l 2~ l 21d221!

b20
2 J e2(d11d212)s/s02

3

4 S 2ä

a
1

ȧ2

a2D .

~3.15!

As for the initial conditions of thewk field, we choose the
state that corresponds to the conformal vacuum as
d. wk~ t i !5
1

A2vk~ t i !
, ẇk~ t i !52 ivk~ t i !wk~ t i !.

~3.16!

The second terms in Eqs.~3.14! and ~3.15! are resonance
terms which would lead to the amplification of KK mode
When e defined by Eq.~3.4! is greater than of the order o
unity, resonance terms are suppressed and do not play
evant roles for the enhancement of thewk field. However,e
decreases under unity ands begins to oscillate coherently
we can expect the parametric resonance phenomenon. In
case, Eq.~3.13! is reduced to the Mathieu equation

d2

dz2
wk1~Ak22q cos 2z!wk50, ~3.17!

where, for theSd case,

Ak5
2l ~ l 1d21!

d21
14

~k/ms!2

a2
, ~3.18!

q5
l ~ l 1d21!

d21
~d12!s̃~ t !, ~3.19!

and for theSd13Sd2 case,
2-5
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Ak5
2~d11d2!$ l 1~ l 11d121!1 l 2~ l 21d221!~b10/b20!

2%

d1~d121!1d2~d221!~b10/b20!
2

14
~k/ms!2

a2
, ~3.20!

q5
~d11d2!$ l 1~ l 11d121!1 l 2~ l 21d221!~b10/b20!

2%

d1~d121!1d2~d221!~b10/b20!
2

~d11d212!s̃~ t !. ~3.21!
n
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z is defined asz5mst. We have neglected the contributio
of the third term in Eqs.~3.14! and ~3.15! since this term is
not important in the oscillating stage of thes field @11#.

We can analyze the excitation of KK modes by maki
use of the stability and instability chart of the Mathieu equ
tion @12#. Parametric resonance occurs when KK modes s
in the instability regions sketched in Fig. 2. These regio
are typically described by narrow resonance regimes oq
&1 and broad resonance regimes ofq@1. As is found in
Fig. 2, the instability bands are broader for larger values oq
as long asAk is not so large. Generally, particle creation
narrow resonance regimes is not so efficient as in the cas
broad resonance regimes@11#. Since the past work on th
excitation of KK modes@7# is limited in narrow resonance
regimesq&1, we extend this work in the more general ca
with q@1. However, note that the results obtained in t
context of preheating with a quadratic potential@11# are not
directly applied to the present case, because the relatio
Ak andq is different.

First, let us examine theSd case. As is found in Eq
~3.18!, Ak approaches the constant value

B[
2l ~ l 1d21!

~d21!
, ~3.22!

FIG. 2. The schematic diagram of the Mathieu chart. The lin
regions denote the instability bands. There exist narrow instab
bands aroundAk5 j 2 and q,1 with positive integerj. Although
there are many instability bands in the regions ofq@1, they are few
for Ak>5q.
12400
-
y
s
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with the passage of time for fixed values ofd and l. SinceB
is greater than unity for the positive integerd and l with d
>2, parametric resonance does not occur in the first re
nance band aroundAk51 as was pointed out in Ref.@7#. For
example, whend52 and l 51, B54. The initial value of
q(5qco) at which the analysis based on the Mathieu eq
tion becomes valid depends on the value ofs when thes
field begins to oscillate coherently. Numerical calculatio
show that this corresponds toe(tco)'0.4, after which the
evolution of thes field can be described as Eq.~3.8!. This
means that the (d12)s̃(t) term in Eq. ~3.19! and the (d1

1d212)s̃(t) term in Eq.~3.21! are restricted to be smalle
than unity. In order to realize the situationq@1, we need to
choose larger values ofl, or l 1 and l 2.

Let us investigate two cases ofqco&1 andqco@1. First,
we consider the case ofqco&1 with the extra dimensiond
52. When l 51, since Ak5414(k/msa)2 and qco

58s̃(tco)'0.8 by Eqs.~3.18! and ~3.19!, the wk field is
initially located in the second instability band aroundAk
54 for low momentum modes. However, the value ofq

becomes smaller with the decrease of the amplitudes̃(t) as
s̃(t);1/t by the cosmic expansion. In Fig. 3, we depict t
evolution of thes field in this case. We chooses(t i)/s0
50.4 as the initial value of thes field. After the first stage of
rolling down,s begins to oscillate with the initial amplitud
s̃(tco)'0.1. The coherent oscillation starts by the same a
plitude as long as the initial value ofs is located in the

d
y

FIG. 3. The evolution ofs as a function oft in the case of the
Sd compactification withd52, l 51, and k50. We choose the
initial value ofs ass/s050.4. After the first stage of rolling down
the s field begins to oscillate coherently as Eq.~3.8!. The dimen-

sionless amplitudes̃(t) in Eq. ~3.8! decreases ass̃(t);1/t with the

initial value of s̃(tco)'0.1.
2-6
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region of 0.1&s(t i)/s0&s* /s0'0.5. After several oscilla-
tions, the amplitude drops downs̃(t)&0.02, which corre-
sponds toq&0.1. Although thewk field stays in the instabil-
ity band sinceAk approachesAk→4, the growth ratemk of
the wk field becomes smaller with the decrease ofq. In the
j th resonance band withAk5 j 2, q!2 j 3/2, and j >2, mk is
expressed as@12#

mk5
sin 2d

2 j @2 j 21~ j 21!#2
qj , ~3.23!

whered changes in the interval@0,p/2#. In the second insta
bility band withq<qco'0.8, mk}q2. The growth ratemk is
initially of the order 0.01, and after thatmk rapidly decreases
The growth rate of KK modesfk5a23/2wk is approximately
expressed as

dfk

dz
'a23/2S mk2

3

2

H

mDwk , ~3.24!

where we have used the relationwk;emkz. Since the Hubble
expansion rate att5tco is H/m'0.28, which exceeds th
growth rate ofwk , fk decreases at the beginning. Mor
over, sincemk and H decrease asmk}q2}1/t2 and H}1/t,
the increase offk cannot be expected in the second instab
ity band of the narrow resonance regimeq&1. We have
numerically confirmed thatfk does not increase in the cas
of d52 and l 51 ~see Fig. 4!. If there is a set ofd and l
which satisfiesB5 j 2 with positive integerj >3, the narrow
instability bands exist around the regions ofAk5 j 2. How-
ever, parametric resonance is much more inefficient tha
the second resonance case, since the growth ratemk de-
creases with the increase ofj for q&1 as is found by Eq.
~3.23!. Even if d and l are changed, the first resonance do
not occur becauseB defined in Eq.~3.22! is always greater
than unity. In the narrow resonance ofq&1 with the Sd

FIG. 4. The evolution of the real part of the Kaluza-Klein mo
fk as a function oft in the case of theSd compactification withd
52, l 51, andk50. Although thefk field is initially in the second
instability band withq&1, the expansion of the universe mak
parametric resonance ineffective. As a result, the growth offk can-
not be expected.
12400
-

in

s

compactification, we can conclude that KK modes are
enhanced sufficiently in any values of the extra dimensiod
and the positive integerl.

Consider the case ofq@1 with the Sd compactification.
As we have already mentioned, larger values ofl are re-
quired to lead to the conditionq@1. In order to judge
whether parametric resonance is efficient or not, we sho
know the relation betweenAk and q. In the Sd case, we
obtain the following relation from Eqs.~3.18! and ~3.19!,

Ak5
2

~d12!s̃~ t !
q14

~k/ms!2

a2
. ~3.25!

The efficiency of resonance strongly depends on the valu
(d12)s̃(t) in Eq. ~3.25!. We have numerically confirmed
that this value is approximately (d12)s̃(tco)'0.4 when the
s field begins to oscillate coherently for any values ofd.
This corresponds to the relation ofAk'5qco14(k/msa)2 at
the beginning of the oscillating stage. Although there a
many instability bands in the regions ofq@1 which are gen-
erally called broad resonance bands, these bands becom
in the regions ofAk*5q ~see Fig. 2!. Moreover, the tangen
of the line Ak52q/$(d12)s̃(t)% gets larger with the pas
sage of time because of the decrease of the amplitudes̃(t) as
s̃(t);1/t, which means that parametric resonance becom
inefficient. Even in the case that thewk field is initially in an
instability band, the expansion of the universe makes
field deviate from the instability band. In the model of
massive inflaton with a coupled scalar fieldx in preheating
after inflation, thex field moves on the path ofAk52q
1k2/(mf

2 a2) with the decrease ofq asq;1/t2. In this case,
there are many instability bands as well as stability band
the regions ofAk>2q; the x field stochasticallyincreases
when passing through instability bands. Since the tangen
the Ak-q path does not change,x particles can be efficiently
produced overcoming the diluting effect by the cosmic e

FIG. 5. The evolution of the real part of the Kaluza-Klein mo
fk as a function oft in the case of theSd compactification withd
52, l 5100, andk50. Although the initial value ofq is large as

q@1, thefk field moves in the regions ofAk>2q/$(d12)s̃(t)%
where instability bands are few. Hence parametric resonance i
efficient.
2-7
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pansion @11#. In the present model, the excitation of K
modes is very weak because the regions ofAk>2q/$(d
12)s̃(t)% are mostly occupied by stability bands. Althoug
the wk field passes through instability bands, these are v
few in the regions ofAk>2q/$(d12)s̃(t)%, and parametric
resonance is not efficient. This is why stochastic resonanc
weak for the case ofq@1. Even the low momentum mode
close to the lineAk52q/$(d12)s̃(t)% are not enhanced suf
ficiently. As time passes, bothAk and q decrease by the
cosmic expansion, and finally approachAk5B52l ( l 1d
ot
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21)/(d21) andq50. In Fig. 5, we show the evolution of th
KK mode fk with d52, l 5100, andk50. In this case,
qco'8000. We find that the KK mode does not grow as
the case ofq&1. Namely, the growth ratemk of thewk field
does not surpass the Hubble expansion rate even in the
of q@1. As we have already mentioned, the initial relati
of Ak and q hardly depends on the values ofs(tco) and d,
which means that parametric resonance is also ineffic
even if we choose larger values ofs(t i) andd.

Next, let us consider the compactification bySd13Sd2. In
this case, since the value
B[
2~d11d2!$ l 1~ l 11d121!1 l 2~ l 21d221!~b10/b20!

2%

d1~d121!1d2~d221!~b10/b20!
2

~3.26!
fect

at
e of

ex-

by

the
e
tic

e

or

ec-
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of
the

h
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s

of
eld
her
ven
is greater than unity for positive integersl 1 ,l 2 and d1 ,d2
with d1>d2 andd11d25D24, the first resonance does n
occur as in the case ofSd @15#. When B is written by a
positive integerj (>2) as B5 j 2 and the value ofqco is
smaller than unity, thewk field is located in an instability
band at the initial stage. However, sinceq decreases asq
;1/t by the cosmic expansion and the growth rate of K
modes is very small forj >2, the excitation of KK modes is
inefficient in narrow resonance regimesq&1. In the case of
q@1, since the relation ofAk andq is written by Eqs.~3.20!
and ~3.21! as

Ak5
2

~d11d212!s̃~ t !
q14

~k/ms!2

a2
, ~3.27!

the discussions in theSd case can be applied by changin
d11d2 to d. We have numerically confirmed that thes field
begins to oscillate coherently at (d11d212)s̃(tco)'0.4 for
any values ofs̃(t i), and d1 ,d2. Moreover, sinces̃(t) de-
creases ass̃(t);1/t, parametric resonance is also ineffecti
as in theSd case.

We conclude that catastrophic particle creation does
occur in two classes of models bySd andSd13Sd2 compac-
tifications in any values of parameters. As a result, the b
reaction effect by KK modes is not important in these mo
els.

IV. CONCLUDING REMARKS AND DISCUSSIONS

In this paper, we have studied the excitement of Kalu
Klein ~KK ! modes in a higherD-dimensional generalized
Kaluza-Klein theory. We have considered two classes
models where the extra dimensions are compactified on
sphereSd with d5D24 and the direct productSd13Sd2

with d11d25D24. Such compactifications give rise to
term which originates from the curvature of the intern
space in the potentialU1(s) of a dilaton fields. Since this
potential does not have a local minimum to stabilize
ot

k
-

-

f
he

l

e

scale of the internal space, we introduce the Casimir ef
due to a one-loop quantum correction. Then thes field os-
cillates as a massive scalar field around the local minimum
s50, which corresponds to the present value of the scal
compactifications.

Since the KK field acquires a mass which can be
pressed by thes field by compactifications onSd and
Sd13Sd2, we can expect that KK modes will be enhanced
parametric resonance. The past work on this issue@7# is re-
stricted in the case of narrow resonance regimes where
resonance parameterq is smaller than unity. However, in th
similar situation of preheating after inflation with a quadra
potential, it is well known that resonance withq@1 is much
more efficient than in the case ofq&1. Hence we extend
past work on the excitation of KK modes to the case ofq
@1 by making use of the stability and instability chart of th
Mathieu equation.

In the case ofq&1, the first resonance does not occur f
both compactifications bySd and Sd13Sd2. Although there
are some situations where the KK field is located in the s
ond, third, etc. instability bands at the beginning of the c
herent oscillation of thes field, parametric resonance soo
becomes ineffective with the decrease ofq due to the expan-
sion of the universe. In this case, since the creation rate
KK modes cannot surpass the Hubble expansion rate,
enhancement of KK modes is inefficient.

Even in the case ofq@1, we have found that the growt
of KK modes does not take place both by analytic a
proaches and numerical integrations. Thes field begins to
oscillate coherently when the amplitude of thes field drops
down to e'0.4, wheree is defined by Eq.~3.4!. Since the
relation of resonance parametersAk and q are expressed a
Ak52q/$(d12)s̃(t)%14(k/msa)2 for the Sd case, andAk

52q/$(d11d212)s̃(t)%14(k/msa)2 for the Sd13Sd2

case, the KK field exists in the region ofAk*5q where
instability bands are few at the beginning. The amplitude
s decreases with the passage of time, and the KK fi
evolves in the regions where instability bands are furt
few. As a result, KK modes are not relevantly enhanced e
2-8
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for the case ofq@1. We have numerically confirmed thi
fact, and found that the excitation of KK modes is inefficie
in any parameters in two classes of models of compactifi
tions.

Since we find that KK modes are not overproduced
parametric resonance by compactifications ofSd and
Sd13Sd2, this kind of compactification may not be ruled o
from a cosmological point of view, because the energy d
sity of KK modes will not overclose the universe in the r
diation dominant era. However, at the stage of prehea
after inflation, scalar fields coupled to an inflaton field can
strongly enhanced by parametric resonance@11#. If the KK
field is coupled to inflaton, the enhancement of KK mod
would also occur in the preheating stage. Recently, Maz
dar and Mendes@16# considered the excitement of the dilato
field s as well as the Brans-Dicke field during the preheat
phase in generalized Einstein theories. Since they comp
fied the extra dimensions on torus which does not have
curvature of the internal space, the potential of dilat
U1(s) does not appear in their model. Taking into accou
the growth of metric perturbations during preheating@17#, it
was found that the dilaton fields can be effectively en-
hanced even when dilaton does not couple to inflaton.
though they did not consider the enhancement of KK mod
d

li,

ra

-

tt.
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there will be a possibility that KK modes are strongly e
hanced in the preheating phase even in the case where
KK field does not directly couple to inflaton by the growth
metric perturbations. In this model, back reaction effe
would play an important role for the termination of res
nance. Although it is technically difficult to deal with bac
reaction issues including second order metric perturbati
in a consistent way, it is of interest how KK modes a
enhanced in the preheating phase. These issues are u
consideration.
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